The control of lightweight flexible manipulators is the focus of this work. Theflexible manipulator dynamics is derived on the basis of a Lagrangian-assumed modes method. The full-order flexible dynamic system does not allow the determination of a nonlinear feedback control as for rigid manipulators, since there are not as many control inputs as output variables. This drawback is overcome by a model order reduction, based on a singular perturbation strategy, where the fast state variables are the elastic forces and their time derivatives.
Introduction
State-of-the-art design of mechanical arms results in a high ratio of arm weight to payload weight. The use of lightweight arms represents one strategy to achieve design benefits, including lower arm cost, higher motion speeds, better energy efficiency, safer operation, and improved mobility. These issues and others have been addressed by .
In this scenario, improved control is one of the crucial needs, since lighter arms have much more complex dynamics due to the flexibility distributed along the mechanical structure. Consequently, the control objective for flexible manipulators must be reformulated, compared with today's industrial manipulators. Conventional industrial manipulators use links and drives made stiff to minimize vibrations at the expense of lower speed and higher actuator power. A flexible manipulator control much achieve the same motion objectives as a rigid manipulator, and must also stabilize the vibrations which are naturally excited, damping them out as fast as possible at the end of the path. The need to meet multiple objectives with a limited number of actuators leads to consideration in this paper of a singular perturbation control.
One essential step toward successful control synthesis is to obtain an accurate dynamic model for the flexible manipulator. To this end, the recursive, Lagrangian, assumed modes method proposed by Book (1984) is an efficient, complete, and conceptually straightforward modeling technique. A computational method to derive the full nonlinear dynamic equations of motion for multilink flexible manipulators based on a symbolic manipulation program can be found in Cetinkunt, Siciliano, and . The number of states increases substantially over the rigid case. Different solutions to the modeling problem based on a finite element approach can be found in Naganathan and Soni (1985) and Usoro, Nadira, and Mahil (1986) . Sunada and Dubowsky (1983) developed modeling techniques which assume a known motion over time about which the flexible arm equations are linearized. Also, their technique is oriented toward finite element analysis to obtain modal characteristics of the links.
Previous research efforts aimed at designing a control system for flexible arms can be found in Balas (1978) , Cannon and Schmitz (1984) , Sangveraphunsiri (1984) , Hastings and Book (1985) , Meldrum and Balas (1985) , Fukuda (1985) , Sakawa, Matsuno, and Fukushima ( 1985) , and Siciliano, Yuan, and Book (1986) . Typically, a linearized state-space model of the system is derived, and different feedback control strategies are proposed for the stabilization of the overall system. A nonlinear decoupling control strategy with modal damping has been proposed by Singh and Schy (1985; . It takes advantage of additional force actuators at the tip of the flexible link. A rather different strategy consists of applying a passive damping treatment to the flexible links to help damp out the vibrations Alberts 1986) . Nevertheless, whenever the number of control inputs equals the number of joint variables, nonlinear control of combined rigid body and flexible motion is worth consideration.
Earlier works proposing the application of singular perturbation theory to elastic robotic manipulators can be found in Chernous'ko ( 1981 ) 1983) . Marino and Nicosia (1984) later considered flexible manipulators with elasticity concentrated at joints. Their approach is also the basis of this work, but it is extended to the case of elasticity distributed along the manipulator's structure (i.e., consideration of flexible links). A singularly perturbed model of a flexible-link manipulator is derived here, where the fast state variables are the elastic forces and their time derivatives. According to singular perturbation theory (see Kokoto- vic's comprehensive survey 1984), a system in singular perturbation form is a convenient tool for &dquo;reduced order modeling.&dquo; In this way two reduced order systems are identified: a slow subsystem which conveniently turns out to be of the same order as that of a rigid manipulator, and a fast subsystem in which the slow state variables play the role of parameters. By following the composite control technique proposed by Chow and Kokotovic (1978) and Suzuki ( 1981 ) , we first design a slow nonlinear feedback control. Then a fast feedback control is added to stabilize the fast (boundary layer) subsystem along its equilibrium trajectory, which obviously depends on the slow control.
The attractive feature of this strategy is that the slow control can be designed on the basis of well-established control schemes for rigid manipulators, such as the decoupling control proposed by Freund (1982) , the resolved acceleration control by Luh, Walker, and Paul (1980) , the sliding mode control by Slotine (19 5) , and the adaptive model following control by Balestrino, De Maria, and Sciavicco (1983) . On the other hand, the fast control can be synthesized as a linear state feedback control with the slow state variables acting as parameters. A linear quadratic optimal control of this system can be obtained. In fact, if the fast subsystem is stabilizable for any joint trajectory of interest, Tikhonov's theorem (Kokotovic 1984) will ensure that the orbits of the overall system will approach in the limit those derived via the two subsystems.
In case the perturbation parameter is not sufhciently small, it is possible to obtain a more accurate reducedorder flexible model, for example by the use of integral manifolds (Sobolev 1984; Kokotovic 1985) . To this purpose, a considerable body of literature has been recently produced Khorasani and Spong 1985; Spong, Khorasani, and Kokotovic 1985; Marino and Spong 1986) , and methods for computing approximate feedback linearizing controls have been proposed.
The one-link flexible-arm prototype which has been the focus of some theoretical and experimental research at Georgia Institute of Technology has been chosen as an example for study. Extensive simulation results based on the dynamic model of the arm given in Hastings and Book (1986) are reported, and two different controllers are designed for the system in order to compare the results of a singular perturbation control approach to those of a state feedback regulator design. Experimental results are expected in the future for comparison to the simulation results. Application of the control technique outlined in this paper to the more practical case of a multiple-degree-of-freedom manipulator with one or more flexible links is also proposed.
Last, but not least, it must be mentioned that full state availability is assumed for fast control synthesis.
The flexible variables can be reconstructed from strain gauge measurements, as described in Hastings and Book ( 19$5), whereas their time derivatives have to be derived through reconstructing filters as in Sangveraphunsiri (1984) and Hastings (1986) .
Flexible Manipulator Dynamics
Nonlinear equations of motion for a flexible manipulator can be successfully derived using the recursive Lagrangian approach outlined by Book (1984) . A solution to the flexible motion of a link i is obtained through a truncated modal approximation, under the assumption of small deflections of the link, where Oj is the shape function expressing the displacement of mode j of link fs deflection, ~l~ is the timevarying amplitude of mode j of link i, and m; is the number of modes used to describe the deflection of link i. As far as the external forcing terms in Lagrange's formulation, if the clamped free-boundary condition is adopted in obtaining the assumed mode shapes for each flexible link, there will be no modal displacements at joint locations and the corresponding generalized forces will be zero. Thus, similar to Maizza Neto's formulation (1974) , the dynamic equations of motion for an n-degree-of-freedom manipulator with up to n flexible links can be written in the following form:
where M is the inertia matrix q = (q, q2 ... * q&dquo;)T is the vector of joint variables the vector of deflection variables f, and f2 are the vectors containing gravitational (only in f, ), Coriolis, and centrifugal terms; fl , it will be shown, appears in the rigid model g, and g2 are the vectors which account for the interaction of joint variables and their time derivatives with deflection variables and their time derivatives K=diag(~n ---klm~ k2, · . · kzmz . k..)
is the diagonal matrix of the constant flexural spring coefficients u = (~-, z2 -~ ~ z,~)T is the control vector of generalized forces applied at the n joints.
Two null vectors of appropriate dimensions also appear in (2). Since the inertia matrix M is positive definite, it can be inverted and denoted by H, which can be partitioned as follows:
where m' = m + m2 + ..-+ m&dquo;. Equations (2) then become The flexible dynamic system (4) is characterized by having n + m' generalized coordinates but only n control inputs. Therefore, the synthesis of a nonlinear feedback control is not as easy as for a rigid arm (a control input for each joint), and alternative control strategies have to be sought. One possibility is to locate additional actuators along the structure, as done for instance in Balas (1978) and Chassiakos and Bekey (1985) . A model order reduction is made possible by the use of singular perturbation theory, leading to a composite control for the full-order system (Kokotovic 1984) . This idea is developed in the following sections.
A Singularly Perturbed Model
Following Marino and Nicosia (1985) , a singularly perturbed model of (4) can be obtained as follows. As-sume that the orders of magnitude of the k; are comparable. It is then appropriate to extract a common scale factor k (the smallest spring constant, for instance) such that
The following new variables (elastic forces) can be defined:
The next step is to define p := 1 /k and obtain which is a singularly perturbed model of the flexible arm. Notice that all the quantities on the right side of (7b) have been conveniently scaled by K.
It can be shown (Marino and Nicosia 1985) that as C ~ 0, the model of the rigid manipulator is obtained from (7) . Formally, setting f.1 = 0 and solving for (in (7b), one obtains where the overbars are used to indicate that the system with J1. = 0 is considered. Plugging (8) into (7a) with = 0 yields It can be easily checked that where M 11 (-q) is the [n X n] positive definite matrix for the rigid-link arm. Hence, f, is exactly the function of q and q appearing in the rigid-arm model. Since the majority of theorems and results of singular perturbation theory are known for systems in statespace form, choosing x 1 = q, X2 = q, and z _ ~, Z2 = Ee withe = vru- gives the state-space form of the system (7); i.e., At this point, singular perturbation theory requires that the slow subsystem and the fast (boundary layer) subsystem be identified. The slow subsystem is formally obtained by setting E = 0, i.e., the rigid model of the arm obtained above through use of C in (8): To derive the fast subsystem, we introduce the fast time scale 1&dquo; = tIE. Then it can be recognized that the system (11) in the fast time scale becomes where the new fast variables 111 and 172 are defined as Now setting = 0 in (13) gives dx./d7: = dac2 /dz = 0; i.e., x ~ and X2 are constant in the boundary layer. Furthermore, it can be recognized that gi(x,, x~, 0, 0) = 0 and 92(X,, x2, 0, 0) = 0, since, by definition, those terms are representative of products of the components of x, and/or X2 with the components of E2Zt i and/or Ez2. Therefore, the fast subsystem can be found to be which is a linear system parametrized in the slow variables x I.
Composite Control
As evidenced by the two reduced-order subsystems (12) and (15), a composite control strategy (Kokotovic 1984 ) can be pursued. The design of a feedback control for the full system (11) can be split into two separate designs of feedback controls u and u ffor the two reduced-order systems; formally with the constraint that u f{X 1, 0, 0) = 0 such that uf is inactive along the solution (8), which is then an equilibrium trajectory of (13).
As far as the slow control is concerned, all the wellestablished control techniques developed for rigid manipulators can be applied, such as Freund (1982) , Luh, Walker, and Paul (1980) , Slotine (1985) , and Balestrino, De Maria, and Sciavicco (1983) , to mention only a few. The slow control can be generally thought of as The first term in (17) provides a precompensation of the nonlinear terms in fi (eventually a partial compensation can be also acceptable: Slotine 1985; Balestrino, De Maria, and Sciavicco 1983), and v is a robust control which allows the slow subsystem to follow a linear, time-invariant, stable, decoupled model of the type Here Ao = diag (Q) ' ' ' 62 ) and A, = diag (2(lw1 1 ... 2~~), defining the required performance of the model (C, and 6i, i = 1, ... , n), and 6 is obtained by means of the so-called inverse model technique (Balestrino, De Maria, and Sciavicco 1983) .
Incidentally, it might be observed that the strategy of adaptively controlling the system (I 1 a) by just neglecting the flexible dynamics (lib) and considering z ~ , Z2 as a disturbance to the system is likely to fail, since no assumption on the boundedness of the disturbance can be made. At this point, singular perturbation theory requires that the boundary layer system (15) be uniformly stable along the equilibrium trajectory ~ given in (8). This can be accomplished if the pair is uniformly stabilizable for any slow trajectory x.(t). Assuming that this holds, a fast state feedback control of the type will stabilize the boundary layer system ( 5) to q, = 0 (z, _ ,) and q~ = 0 (Z2 = 0). According to Chow and Kokotovic (197$) , ufcan be designed as an optimal control for the boundary layer. The performance index will be a function of the slow state variables. Since the main purpose in flexible manipulator control is to damp out the deflections at steady state as fast as possible, the feedback gain matrices can be designed also on the basis of the final joint configuration, provided that under that particular choice &dquo;1' &dquo;2 will not go unstable along the slow trajectory. In this way the solution of a Riccati equation for each joint configuration can be avoided.
Under the above conditions, Tikhonov's theorem (Kokotovic 1984) , a fundamental result in singular perturbation theory, ensures that the state vectors of the full system can be approximated by Under the slow control (17), x, , X2 will tend respectively to X 1, X2 . The fast control (20) will drive 111, 112 to zero. The goal of following a reference model for the joint variables and stabilizing the deflections around the equilibrium trajectory, naturally set up by the rigid system under the slow control, is then achieved by an O(E) approximation. This is the typical result of a singular perturbation approach.
Finally, a crucial issue for composite control success is the assumption thate is sufficiently small so as to preserve the time scale separation. In case E is not small enough, Khorasani and Spong ( 1985) , Khorasani and Kokotovic (~985) , and Spong, Khorasani, and Kokotovic (1985; first proposed the use of integral manifolds (Sobolev 1984; Kokotovic 1985) to obtain a more accurate slow subsystem which accounts for the effect of the flexibility up to a certain order of E. This idea was later used by Siciliano, Book, and De Maria (1986) as a direct application to flexible arm control.
A Case Study
The control strategy outlined thus far has been tested by means of simulations for the one-link flexible-arm Fig. 1 . For readers' convenience the whole dynamic model with two-mode expansion (1) in the form (2) is reported in Appendix A. The perturbation parameter is chosen as the inverse of kp, in (A7); that is, ~C = 0. i 80~.
In order to make a direct comparison with other typical controllers designed for the same flexible-arm prototype (Sangveraphunsiri 1984 , Hastings 1986 , two different controllers are designed for the system. First, a two-time-scale composite controller is designed according to the approach illustrated above. Then a state feedback regulator is designed for the linearized system. In the following, two sets of simulations are presented. In the first set, a step response is chosen, whereas in the second set a trajectory is assigned to the joint angle.
As far as the step response is concerned, a step change from = 0 to 0 = 90 ° is assigned. In the The composite controller is designed first. In the one-link case there are neither joint coupling terms nor gravity terms (f, = 0, f2 = 0), and the slow system has a double pole at the origin. The slow control in (17) can be chosen as the linear model following control where k. and k,, are to be selected so as to maintain (Khalil 1985) . Since the smaller natural frequency associated with the fast subsystem is around 14 rad/s along the whole trajectory, a double pole at -2.5 is chosen for the reference model, corresponding to kp = 6.25 and k, = 5.
The fast control in (20) can be chosen according to the well-known pole placement technique for linear systems. In particular, the eigenvalues of the matrix in (19) are chosen so that the damping ratios of the fast dynamics on the boundary layer are both equal to 0.4.
The resulting k f and k f in (20) are respectively (0.3693 -5.677) and (-2.475 -1.096).
The state regulator is then designed. The same pole placement technique as above is used. The poles of the whole linear system are chosen in such a way that a comparison between the two controllers is significant. Therefore, two of them are placed at -2.5, as done for the reference model above. The other four poles are selected so that the damping ratios of the two modes are both equal to 0.4, as done for the fast dynamics above. The resulting feedback row vectors, position, and velocity, respectively, are (0.2168 68.95 8327) and (0.2259 -0.7476 -50.95) .
In order to test the robustness of the two controllers designed above, the whole nonlinear model given in Appendix A has been simulated. The Runge-Kutta-, Merson method has been implemented to integrate the nonlinear differential equations (2) at a sampling rate of 1 ms. The results are shown in Figs. 2 through 11.
It can be recognized that the performance of the two Fig. 3 . First mode (step response). 1. Composite controller. 2. State regulator.
controllers appears to be essentially the same, if a step change is assigned to the joint angle (Figs. 2 -6 ). On the other hand, the composite controller performs better when a trajectory is commanded to the joint angle (Figs. 7 -11 ). This is not surprising, since the slow controller in (22) contains a feedforward acceleration term which is not obviously present in the state feedback regulator. Nevertheless, it is believed that the approach presented in this work can possibly achieve better results when applied to multilink flexible manipulators, where the joint coupling terms and the gravity terms play a significant role, especially at high speeds. For multilink arms, indeed, the two-time-scale formulation provides a nice tool to design a slow controller in the same manner as it would be designed for a rigid arm, i.e., computed torque, plus a fast controller which stabilizes the deflections along the trajectory to be tracked.
Concluding Remarks
A single perturbation approach has been developed for the control of lightweight flexible-link manipulators.
The main problem concerned with flexible-arm control, namely the number of control inputs being less than the number of controlled variables, has been successfully faced by means of a model order reduc- tion, which is characteristic of a two-time-scale approach. Indeed, for the slow subsystem, well-established control strategies, as for rigid arms, can be adopted. For the fast subsystem, a stabilizing control along the equilibrium trajectory set up by the slow subsystem under the slow control is needed. The control goal is achieved by an O(E) approximation, where E is obtained as the square root of the inverse of the smallest flexural spring constant. Simulation results have shown the effectiveness of the proposed approach, compared with the typical state feedback regulator design, especially in the case of a trajectory tracking problem.
The time-scale separation must be preserved in designing the two feedback controls. The stability of the full-order system has not been directly addressed in this paper. Estimates of the domain of attraction and an upper bound on the perturbation parameter are being sought. The concept of integral manifolds, already applied for flexible-joint manipulators, is expected to provide a more accurate slow control, which accounts for the flexibility effects in the slow time scale.
Experiments have been started for a flexible-arm prototype in the laboratory in order to validate the results obtained in simulation. Empirical results will be described in a future paper. Other research efforts are needed to a. select &dquo;good&dquo; joint angle trajectories so as not to excite large deflections and thus lighten the task of the fast control (2) For the prototype in the laboratory, the above parameters are found to be (Hastings and Book 1985) 
